= m—— = —— — ——— e — —_—— .

Reprinted from JOURNAL OF COMBINATORIAL THEORY, Series A Vol. 43, No. 2, November 1986
All Rights Reserved by Academic Press, New York and London Printed in Belgium

Asymptotic Analogs of the
Rogers—Ramanujan ldentities

CHARLES H. BRENNER

Department of Mathematics, University of California,
Los Angeles, California 90024

Submitted by the Managing Editors
Received February 20, 1986

Let p(n]S) be the number of partitions of n with parts belonging to the set §; let
g(n|S) be the number of partitions of n with parts distinct and belonging to the set
S; let g,(n) be the number of partitions of n with parts differing by at least d
Asymptotic formulas for p(n}S), ¢g(n|S), and ¢q n) are derived. Using these
formulas necessary and/or sufficient conditions are obtained on sets & and S
for the various asymptotic relations p(n|S)~qg(n|S’), gn|S)~qg(n|S’), and
g, n)~qg(n|S). The last case leads to a nonexistence theorem analogous to those of
Lehmer for equality. The other comparisons lead to infinite families of cases of
asymptotic equality without strict equality. These new formulas can be interpreted
as asymptotic analogs of classical Rogers—-Ramanujan identities. © 1986 Academic

Press. Inc.

0. INTRODUCTION

By a partition of n we mean a non-increasing sequence of positive
integers, called parts, which sum to n. The number of partitions of n is
denoted by p(n). We shall also use notation as follows for the number of
partitions of » where the parts obey additional restrictions as indicated:

p(n|S) parts belong to a set S

g(n) parts are distinct

g(n|S) parts distinct and belong to S
q.n) parts differ by at least d

q.im7) parts > m and differ by at least d

The case where S 1s a union of arithmetic progressions 1s of particular
Interest, so we shall adopt the notation

S={ry, ry,..modk}
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to mean the set
{ri+kn|n>0},

with the r; positive and distinct mod k. The possibility r, > £ 1s permitted.
For example

q,(n)= p(n|l,4 mod 5) (1)
q22(n)=p(n|2, 3 mod 5) (2)

are the Rogers—Ramanujan identities. Other examples of such identities
have been given by Schur [28], Slater[29], Gordon [12-14],
Gollmtz [11], and Andrews [3]. A unified understanding of some of these
identities can be obtained using Lie algebras [ 20 ].

Non-existence results have been given by Lehmer [ 19] and Alder [1].

It 1s natural to ask for a formula to calculate arbitrary values of a par-
tition function, but usually no simple one 1s available. We may settie then
for an asymptotic formula; for example, Hardy and Ramanujan [15]
proved that

p(n) ~ e™'*?an. /3 (3)

by exploiting the theory of elliptic modular functions. Their method has
been refined by Rademacher [24] and others to give convergent series for
certain partition functions.

Ingham [17], on the other hand, showed that (3) can be obtained by
less refined results—using a Tauberian theorem—and Meinardus has given
other conditions under which formulas like (3) can be obtained. We shall
apply Meinardus’ and Ingham’s methods to all the partition functions
listed above (Sect. 1). Similar results under different conditions have been
obtained elsewhere—see, for example, Andrew [2].

Andrew [2] has suggested using asymptotics to narrow the search for
identities of the Rogers—Ramanujan type. We shall exploit this idea, prov-
ing asymptotic inequality between classes of partition functions which
Lehmer has shown to be not identically equal. On the other hand, we will
show that asymptotic equality without equality is possible, and give some

examples (Sect. 2).

1. SOME ASYMPTOTIC FORMULAE

Let S be a set of positive integers. Let

Pt|S)= Y p(n|S)e™
n =0
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and

0(1S)=Y q(n|S)e ™

We shall sometimes refer to P(t|S) as the generating function of p(n|S)
although strictly speaking the generating function 1s P(—In 7|S). Define

D(s)= Z v
ve S
where s =0 + it 1s a complex variable. The series converges absolutely for
o > 1, and defines a holomorphic function of s there.

LEMMA 1. Suppose D(s) can be analytically continued to some half plane
g2 —Cy, 0< o<1, and has a pole of residue A at s=1. Suppose that the
estimate

D(s)=0(|¢]"")
holds uniformly in ¢ as |t| = o0, where c, is some positive constant. Then
P(T I S) ~ oD'(0), —D{O)enzA/ﬁr, | (4)
and
Q('L' | S) ~ 2D(0)€n3A/12r (5)

as T — 0 in any fixed Stolz wedge |arg t| < A4 where 4 < 7/2.

Proof. Meinardus [22] proved (4) (with slightly different conditions)
in the following way. We have

Pix|S)=[] (1—e)7},

ve S

convergent for complex 7 inside the unit disc, so that

In P(z|S)= Y 12 e~ kT
k lk

ve S

i

2+ ioc

© 1 < 1 B
:k;};éﬂ} j  (vkr)~*I(s) ds,

by the Mellin inversion formula

1 oo + {30
e = j 1~ *I'(s) dbs.
2T g — ioo '
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Then

1 2 + foo
In P(c]S)=5— L 1 T(s) D(s) Ls + 1) d.

The integrand f(s) 1s analyzed as follows. Within a Stolz wedge
larg 1| < 4 < 7/2,

|,L.—:;| — Ie-(ﬂ+fr)(ln|t|+t'arg r)‘
— Ir‘mﬂew—rargr
< |7] 77 4l (6)

In the strip —cy, < 0 <2, the estimates

I'(s)=0(e~"™M?),  D(s)=0(t|?), {s+1)=0(1), (7)

hold uniformly mm o as |fj—> o for appropriate c¢,,c,,¢c; [6,
hypothesis, 32 ]. This shows that f(s) — 0 as || — co. The only singularities
of f(s) in the strip —c¢y, <o <2 are those at s=0 and s=1, so

In P(z]S) = —— j-m”m f(s) ds +Res f(s) + Res f(s).

27” — €0+ 100
Clearly,
R_els f(s)=17'I(1) AL(2) =nr’A/61.

Near s =0, on the other hand, the factors of f(s) have Laurent series
1 *=1—sln1t+ O(s°),
I'(s)=1/s =7+ O(s),
D(s)= D(0)+ sD'(0) + O(s?),
C(s+1)=1/s+7y+ O(s),

(where y 1s Euler’s constant) so that
Res f(s)=D'(0)— D(0) In 1.
s=0

Consequently,

2
In P(c]S) = ~2

DO)Int+ D'(0) + &,
67
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where

£ . '[_CUHCE 1 *I'(s) D(s) {(s+ 1) dbs.

2ni — g — {90

By virtue of the estimates (6) and (7)

e=0(|1]”)

and the estimate (4) for P(t|S) follows. The estimate (5) for Q(7|S) can be
obtained by a similar calculation, or by noting that

Qx| S)=[] 1 +e )= P(z|S)/P(2t]S). |

ve S

The asymptotic formula for Q(t|S) does not depend on D’(0).
The next two lemmas are results from the literature.

LEMMA 2 [23]. Let

Qd,m(f): Z qd,m(n)e‘”""'.
n=0

Then
Qum(t)~ {adtt=2m(dad=1 4 1)} 12 44" (8)
where T = x + iy, uniformly in y as x - 0+ with | y| < x*/**, and
gum(T)~C(d, m)yn=* V4" 45 po 0. (9)
Here
C(d, m)=—= A}/ ~2n(dof 4 1)} 2
/4,@:“51’1112 aﬁé ff (10)
and
x>0 a4+ o,—1=0. (11)

Lemma 3 [17]. Letf(r)zfgﬂ e “"dr(u). Suppose
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1) f(r)~y(t)e®™ as 1=0 in every Stolz wedge |arg 1| < A4, 4 < n/2,
with
x(t)=C(M/t)™F 172,
#(t)=Bp"'(M/r)’ (B, M, C>0, mreal);

(11) r(u) is increasing (in the wide sense) for u>= 0.

Then

N2
)~ (1) COMuy™=12 70 (= (g4 1))

LEMMA 4. Suppose the set S satisfies the conditions of Lemma 1. Then

D'(0) /2 4\ 1/4— D(0)/2
p(n | S) ~ Z\/_ (I[_a__) nP0)/2-3/4 en\/ZAn/B (12)
ﬂ |
provided p(n|S) is eventually increasing;
4\ /4
q(nls)sz(O)—Bﬁ (_3_) n-—3/4€1r4,f.4n/3 (13)

provided q(n|S) is eventually increasing.

Proof. To show (12), let

r(u) =max p(n|S).

nm=su

Then put
f@)=|" e * dr(u)
0

uw—1

=Jj e T d[i r(n)— ) r(n):l
~(1—e %) P(t]S)
~1tP(t]|S)

Referring to (4), we take

X(T) — eD’(O)Tl - D(O},

#(t) = n>A4/6r,
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and apply Lemma3 with =1, a=4{ m=D(0)—L M=n%4/6, and
CMPO =1 oP®) This gives '

p(n|S)~r(n)~ eP O pft = DOV M) P(0)/2 - 3/4 ,2./x%4n/6

1
2\/7_1-
which is equivalent to (12). The formula (13) is derived in a similar fashion

from (5) with |

£(e) =200
d(t) =n°A/12x,

so p=1, a=3 m=—3, M=7°4/12, and CM ~' = 2°©®_ Consequently,

q(n l S) ~ _! 2D(O)M(Mn) — 3f4€2\/nf.4ﬁf12. I

2/

If the asymptotic formula (13) for g(n|S) is written in the form
exp(a+blnn+c\/;), a and ¢ depend on S but b does not, which is
Curious.

LEMMA 5. Let S={r,,..,r,mod k}. Then

A=alk, (14)

= (1 r;
D(0) _—..j; (2 k), (15)
o L'(0) _ 1 — D(0) lE[ F(rjf_{c_)‘ ' (16)

If irisenrgt=4k—rq,k—r,}, we have
D(0) =0, (17)

e = 1 / 292 T sin=<. (18)

Proof. Equation (14) is well known. Since < olr+nk) =
k ~*C(s, r/k), (15) and (16) follow from corresponding properties of Hurwitz’
zeta function; (17) is immediate from (15); (18) follows from (16) because

[(a)I'(1—a)= _'n: and F(%)=\/;/Siﬂg;

SII1 Td
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SO

and
r(5) a1/ Al

THEOREM 6. Suppose S = {r,,..., r,mod k} has no common divisor. Then
(12) and (13) hold, with A, D(0), and e”'®) given by Lemma 5.

Proof. The Dirichlet series can be continued to the entire complex
plane in this case. The only difficulty i1s to establish the necessary
monotonicity.

Bateman and Erdos [7] proved that p(n|S) 1s monotonic if and only 1if
cither

(i) 1€eS§, or

(1) whatever element i1s deleted from S, the remaining set has no
common divisor.

Obviously (1) holds here. Roth and Szekeres [27] give the following
condition for eventual monotonicity of g(n|S), S= {s,, 53,... }:

I. Im,_  log;s; exists, and

II. Jy=mf;, <p.4p(In J) X 1Bsll? = o as j— oo, where |x] is

i=

the distance from x to the nearest integer.

When S 1s a union of arithmetic progresstons the first limit 1s 1, so I
holds.

To examine the growth of J;, suppose j 1s large and consider two cases,
depending on B. If ||pk|| = 1/2sj, then ||Bs.| = 1/4 for nearly 2/5 of the s, up
to s;. So the sum in II grows linearly with j. If || k|| < 1/2sj, then k 1s close
to some 1nteger ¢, 0 <t < k. Since S has no common divisor, the || fr,|| can-
not also all be small—by a straightforward computation, if j 1s sufficiently
large we must have ||fr | > B/2k* > 1/4k> for some i. It follows that nearly

1/3 of the numbers ||Br.|l, |B(r;+ K)|,..., lIB(r;+ [ j/alk)| exceed 1/8k>, and
again there 1s a lower bound for the sum that is linear in j. Hence J,
exceeds a positive linear function of j, so II holds. |

In particular we note that n occurs to the power — 3 in formula (13).
This gives an affirmative answer to part of a conjecture of Andrews [2].
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2. SoMe COMPARISONS

2.1.1. The Case g~ q

Suppose that S and S’ are two sets satisfying the hypotheses of
Theorem 6. Then from (13), (14), and (15)

q(n|S)~q(n|35") (19)

if and only if § and S’ have representations such that

k=k', a=da, Y (r.—r))=0.

=1

On the other hand, suppose S and S’ merely satisfy the hypotheses of
Lemma 4, and that the symmetric difference S AS’ is finite. Then (19) holds
if and only if S and S’ omit the same number of elements of each other.
These two observations suggest the following assertion.

THEOREM 7. Let S={r,r,,..} and S'={r},ry,..} be two increasing
sequences of positive integers, and suppose

Z (ri—ri)|<B

for some B and all N. Then (19) holds provided both functions satisfy q(n) ~
gn+1).

Proof. Let Y(S, n, m) be the set of partitions of integers from n to m

inclusive into distinct parts from S.
If we substitute for each part r; in a partition in Y the corresponding part

r; from S, the sum of each partition changes by at most B. Consequently,
Y(S,n,n+kB)| <|Y(S,n—B,n+(k+1)B)|.
Since g(n)~qg(n+1),
(1+&B)q(n|S)<(k+2)B+1]4g(n|5),

where < means “asymptotically less than or equal to.” Since this 1s true for
any k, and the roles of S and $’ may be reversed, the result follows. §

Since any partition function grows more slowly than exponentially, the
condition g(n) ~ g(n + 1) is satisfied provided g(») is eventually monotonic.
Here is an example indicating that the hypothesis cannot be omitted. Let
S=1{1,2,3,7,14,28,56,..} and S'=1{1,2,4,7, 14,28, 56,..;. Then B=1.
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‘But g(n|S) 1s 2 when n=3 mod 7, 1 otherwise; while g(n|S’) is 2 for mul-
tiples of 7, and 1 otherwise. So they are not asymptotically equal.

2.1.2. The Case g=gq

It 1s trivial that g(n]|S)=¢q(n|S’') <= S=S’, whether S and S’ are unions
of arithmetic progressions or not.

2.2.1. The Case p=gq

The possibility p(n|S)=g¢q(n|S’) has two well-known instances. Euler
observed that p(r|1 mod 2) = g(n), and Schur [28] that p(n|1, 5 mod 6)=
g(n|1,2,4,5mod 6). One can easily. generalize:

. THEOREM 8. p(n|S)=¢q(n|S’) if and only if S’ is the disjoint union
U520 278.

Proof.

p(n|S)=gq(n| )« ] (1—x)* [T (1—=xy*=[] (1—x)"

ve S ue s ve .S’

Thus 250§ =S, from which the claim easily follows. |
Bachmann [5] attributes this result to J. Schur, circa 1910.

EXAMPLE. Let H be any collection of odd integers,

§ = {odd positive integers not divisible by any he H},
S’ = {positive integers not divisible by any he H}.

Euler’s is the case H = (J and Schur’s corresponds to H = {3}.

EXAMPLE.

S = {positive integers prime to 30, or= +5 mod 30},

S§" = {positive integers prime to 15, or = +5mod 15}.

2.2.2. The Case p~q

Examples with p(n|S)~¢q(n|S’) can of course be constructed using
Theorem 7 and 8, but there are also possibilities not depending on that
1dea.

THEOREM 9. Ler R = {Fises P} With 1<r,<k be chosen such that
R={k—ry,..k—r,} (so R is symmetrical about k/2) and
S={r1y., r,mod k} has no common factor, and let

R ={r ., r5,}, 1 <r; (20)
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be a collection of representatives of distinct congruence classes mod k such
that §' = {r\,.., ry, mod k} has no common Jactor. Then p(n|S)~ q(n|S’) if
and only if

2a 3 ,
r§zk(—£+log2 |1 sinﬂ). - (21)

Proof. Let D(s) and E(s) be the Dirichlet series associated with S and
S" respectively; let A and B be the corresponding residues at 1. Then by

LLemma 1 we have

P(T l S) ~ eD'(U)T — D(U)enzA/&rj
Q(TI S!) ~ 2E(0)€n23/12r?
as T — 0 with |arg 1| <4 < 1/2.

We have A=afk, B=2a/k, and D(0)=0 by Lemma 5. Therefore
P(t|S)~Q(t|S") as T — 0 if and only if €2 ® = 2£0) Now

,

4.%3"!3"'“:”:(2“:‘"’2 [] sin k)ﬁl

rj & k/2

by (18) and E(0)=a—(1/k)X22, r! by (15). Hence P(t|S)~Q0(t]|S’) as
T — 0 1f and only if (21) holds. By (12) and (13) the asymptotics of p(n|.S)
and ¢g(n|S’) are determined by the same parameters, so p(n|S)~q(n|S’) if
and only if (21) holds. |

EXAMPLES. In order to satisfy (21), we need
r; |
Sin —— 22
]:[ in - (22)

to be a rational power of 2. k =12 gives two obvious possibilities for R; the
first of these is

R=1{2,3,9101.

Since sin(n/6) - sin(n/4) =2~ %, by the theorem we require a solution to

Thus, for example,

p(n|2,3,9,10mod 12) ~ ¢(n|2, 3, 5, 6, 8, 9, 10, 11 mod 12).
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However a shortcoming of this example is that it can be proved without
Theorem 9, for it follows from Theorem 8§ that

p(n|2,3,9,10mod 12)=¢q(n|2, 3,4, 6, 8,9, 10, 12 mod 12)

and from Theorem 7 that

q(n]2,3,4,6,8,9,10, 12 mod 12)~ g(n|2, 3, 5,6, 8,9, 10, 11 mod 12).

The other obvious possibility with k=12 is

R=1{2,3,6,9,10).

This time R and 2R are not disjoint, so Theorem 8 will not apply. We
require Y 12, ri=12(3 —3)=72, so that

p(n]2,3,6,9,10mod 12)~ g(n|2, 3,4, 6,7, 8,9, 10, 11, 12 mod 12),

among various possibilities. None of these possibilities gives strict equality.

There 1s a rather limited repertory of angles we can use whose sines are
rational powers of two. However, considering examples of equality as in
Section 2.2.1 makes it clear that the product (22) can have the required
property 1n other ways. For example,

p(n|1,5,7,11, 13,17, 19, 23 mod 24)
=q(n|1,2,4,5,7,8, 10, 11, 13, 14, 16, 17, 19, 20, 22, 23 mod 24)

(Schur’s identity), so from (21),

sinf-—'sinéf- RREEES 23n—2_8
24 " g DY ’

a formula that 1s essentially due to Gauss [9]. Now using

lo (sin 6n'si 127
OB SIS | =

1
2'!

we can modify the previous example to

p(n|1,5,6,7,11,12,13, 17, 18, 19, 23 mod 24)
~q(n|2,3,4,5,6,7,8,9,10, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24 mod 24).
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More generally, for 4|k, k= 24, and k not a power of 2, let

k k 3k
R= IS . =1 S 9 3
{r] r<k (r, k) }u{4 5 4} (23)
and choose R’ so that
2| R|
Z ri=k(|R|+ 1) (24)

i= 1

It 12|k, k=36, further examples can be constructed by adjoining
{k/6, 5k/6} to the R of (23). Formula (24) remains valid. All of these
cases lead to asymptotic equality between p(n|r,,..,r, mod k) and
q(n|ri,.., ry, mod k) without strict equality.

Examples with odd modulus are harder to come by. We can obtain an
appropriate combination of sines. For example, using

n—1 : .
. Jm -
II,=|] sin—==2'""n,
oo

we easily have

115
11511 s

_2-8

which suggests taking S=1{1,2,4,7,8,11,13,14mod 15}. But the
corresponding S* would have 16 residue classes mod 15 according to (20).
Nonetheless, 1t 1s probably true that partitions into parts from the set S are
asymptotically equinumerous with partitions into distinct parts not
divisible by 15 and allowing two kinds of parts for each part size congruent
to 7 or 8. The missing ingredient in the proof of such an assertion is a con-
dition assuring the eventual monotonicity of the second partition function.

Each of the preceding examples corresponds in an obvious way to an
asymptotic equality between generating functions. For example the last one

corresponds to

20 oS (1+xn)(1+x15n+7)(1+x15n+3)

1
Z l_xnm l—[ 1+x15n

=1 n=1
(7, 15) = 1

as x—17,

which can be proved using the results of Section 1. Such formulas may be
thought of as examples of Rogers—Ramanujan type asymptotic identities.
Of course, in each case above both sides will have a product representation.
It would be interesting to find examples where one side is represented as a
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sum rather than a product, following the model of the Rogers—Ramanujan
identities. For example, (1) stated in terms of generating functions is

f x™ Z 1
mzl(l—x)(l—-—xz)---(l—x’") HE*FI(HI{}CIS)I_XH.
n>q0

To see that the coefficient of x” on the left is g,(n), consider that a partition
n=n;+n,+ - +n,, n;=n;,,+2, corresponds to a partition of n — m>
Into m or fewer parts by taking the (m — J)th part to be n,, . —(2j+1).
The next section contains a negative result in the direction of obtaining a
new formula giving asymptotic equality between a sum and a product.

2.3.1. The Case g~ gq,

Lehmer [19 ] proved that the number of partitions of #, with parts differ-
ing by at least d, d>2, are not equinumerous with partitions into distinct
parts taken from any set whatever. The following theorem is an attempt at
an asymptotic version of Lehmer’s result.

THEOREM 10. Suppose S is a union arithmetic progressions, d>=2 an
integer. Then

q(n|3)~qn) (25)

Is impossible.

Proof. We can assume S has no common divisor, otherwise (25) 1s
clearly impossible. Then the asymptotics of the two sides of (25) are given
by (13) and (9). However, it will be slightly more convenient to compare
the formulas for the asymptotic behavior of the corresponding generating
functions, (5) and (8), which after all depend upon the same sets of
parameters. Assuming (25) then, and letting T — 0+ through real values,

. 2p(ﬂ)€n2A/12r ~ {a§+ I — zm(dagu— 1 + 1 )} —1/2 E,A,if'r- (26)
By taking logarithms, we obtain

TCZA/IZZA{!, (27)

which is probably al'ready impossible for d> 2. (By (1) and Theorem 8, the
case d=2 is impossible.) But that would be hard to prove. Substituting
(27) in (26) and putting m = 1 gives the condition

™ Ydad= '+ 1) =220 = ¢ gy - (28)
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which simplifies to
d—1-8 a2+ 2d-1)a,+d=0 (29)

by using the relation a?+a,~1=0 of (11).
Now (29) and (11) are inconsistent. We consider two cases:

Case 1. (d—1—-&)x*—(2d—1)x+d=y(x) is irreducible over Q(¢).
The coefficients of ¥ are not all divisible by d, so from (29), a, is not a unit
in this case, while by (11) it is.

Case 11. ¢ splhts into linear factors over Q(¢). Then a, e Q(&). a, ¢ Q
by (11), so Q(&)=Q(2"*), for some integer A>2 by (15). Then by
(28) 2" € Q(a,), which shows that 2 ramifies in any field containing «,. In
particular this would include the splitting field L of x“+ x—1, by (11).
However the discriminant of the roots of x?+ x — 1 is easily calculated as

follows:
Let f(x)=x“+x—1. Put u= f"(a), so u=dx’"'+ 1, and let a be a root

of /. We eliminate «, using (11), and get
(1—u)d—1+u) ' =d
a monic polynomial in u of degree d— 1 with constant term
d—(d—1)y"1=c

The product of the conjugates f'(a), and hence the discriminant of the con-
jugates of «, must therefore be +c. Since c 1s plainly odd, the discriminant
of L must be odd. The prime 2 is therefore ramified in L, a contradic-

tion. §

2.3.2. Other Comparisons

Lehmer [19] also proved a non-existence theorem with p in place of g,
namely that p(n|S)=gq,(n) only when d=1 (Euler’s case) or d =2 (the first
Rogers—Ramanujan case, (1)). The difficulty with adapting the above proof
to this situation arises in Case II. With &= ¢ 22'® it is not so clear why its
discriminant cannot divide c.

Alder [ 1] extended Lehmer’s results by allowing ¢,,, in place of ¢, thus
encompassing the second Rogers—Ramanujan case, (2), as the only further
exception to the impossibility of equality. In terms of the method above,
the new difficulty is that ¥y may have degree higher than 2, so might split

but not completely. |
Hence 1n certain respects the proof is ad hoc. It would be more direct to

prove that (27) cannot hold for 4> 3. A4 is rational by (14) and by (10)
Ad= L(l T ad)# .
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where
© x" 1
L(x)= Z — +=1n x In(1 — x)
—ont 2

1s Rogers’ [26] form of the dilogarithm function. This function has been
studied by many (including Watson [31], van der Poorten [30], Rich-
mond and Szekeres [25], Loxton [21]). The explicit evaluations

2 1 2
L(0)=0, L(1)=—, L(E)ZAFT_Z’

° 2

L(O‘z):E: L(“%)=A2=T5-

are easily proved; Rogers suggests there are no others. Negative or related
results by many authors, including various unavailing computer searches
by the present author, tend to support Rogers assertion. This in turn lends
credence to the assumption that (27) is impossible for d>= 3.
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